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Nilmanifold Example
LMS/EPSRC Durham Symposium on Higher Structures in M-Theory
Andreas Desera,∗
Courant algebroids correspond to degree-2 symplectic dif-
ferential graded manifolds or NQ-manifolds for short. We
review how a similar construction shows that locally the
gauge structure of Double Field Theory corresponds to
degree-2 symplectic pre-NQ manifolds. To illustrate first
steps towards a global understanding of the pre-NQ case,
we apply the local constructions to 3-dimensional nilman-
ifolds carrying an abelian gerbe. These are among prime
examples where T-duality is well-understood and allow us
to investigate classic results in the graded language.
1 Introduction
Courant algebroids play an important role in the inves-
tigation of T-duality. T-dual torus bundles with torus-
invariant H-fluxes carry isomorphic Courant algebroids
[1]. Originating from Buscher’s observation [2] this was
motivated and extensively used in supergravity [3–6].
Studying dualities from the sigma-model point of view
uses total spaces of Courant algebroids as target spaces
[7–13]. Themathematical study of T-duality for principal
torus bundles with H-flux in the geometric case and be-
yond showed the need for continuous fields of noncom-
mutative and nonassociative tori [14–18]. This is referred
to as topological T-duality. In physics jargon, the latter
are the nongeometric T-duals of manifolds with abelian
gerbe structure. The duals of the flux representing the
Dixmier Douady class of the gerbe are the geometric f -
flux and the nongeometricQ- and R-fluxes. An attempt
to understand such non-geometric configurations in a
still differential geometric way are the doubled spaces
[19–21] whose appearance resembles the structure of
the correspondence spaces of topological T-duality. Field
theory on doubled spaces, motivated by string field the-
ory are the starting point of Double Field Theory (DFT)
[22–28], which uses the momentum- and winding de-
grees of freedom of a closed string to parameterize its
configuration space. T-duals arise as projections, some-
times called polarizations, to a physical submanifold of
this doubled configuration space. The intriguing prop-
erty of doubled spaces is that they allow to capture non-
geometric backgrounds in a geometric way by mixing
winding andmomentum [20,29,30]. Global properties of
the doubled configuration space are treated in [31–37].
The link to topological T-duality and the use of corre-
spondence spaces however remains unclear.
Roytenberg showed the equivalence of Courant alge-
broids to degree-2 symplectic differential graded mani-
folds [38]. This gives a new view on Courant algebroid
structures which turns out to be very fruitful also in
case of a local description of the gauge algebra of DFT
[39–41]. In particular, the C-bracket is a derived bracket
on a degree-2 pre-NQmanifold and reduces to a Courant
bracket after restricting to appropriate subalgebras (as is
known from DFT). The aim of this proceedings contribu-
tion is to briefly reviewparts of the use of symplectic (pre-
) NQ-manifolds in DFT and how to approach T-duality of
circle bundles over tori in the presence of abelian gerbes
[42]. The latter is a very simple case of topological T-
duality and for us has the advantage that everything is
well-understood and explicit enough to see how the for-
malism of graded manifolds applies there.
The purpose of this approach is to use different tech-
niques in the study of duality of circle and torus bundles
in order to get insight into the link between topological T-
duality and DFT in the more physics oriented literature.
Taking the easy case of circle bundles allows to see how to
identify objects in DFT with objects used in more global
descriptions of duality.
∗ Corresponding author e-mail: andreas3deser@gmail.com
a Faculty of Mathematics and Physics, Charles University,
Sokolovská 83, 186 75 Praha 8, Czech Republic
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2 NQ-manifolds and Courant algebroids
To begin with, our aim is to recall notions of graded lin-
ear algebra and symplectic differential graded manifolds
to an extent we will need for later parts. For a detailed
introduction to the subject we refer to the lecture notes
[43] and the references mentioned there. To set the nota-
tion, a graded vector space is a collection V = (Vi )i∈Z of
finite dimensional vector spaces Vi
1. An element v ∈ Vk
is defined to be of degree k, we write |v | = k. For V a
graded vector space, the graded symmetric algebra S(V )
is defined to be the quotient of the tensor algebra of V
by the ideal generated by elements of the form v ⊗w −
(−1)|v ||w |w ⊗ v . Morphisms of graded vector spaces are
collections of linear maps between the respective sum-
mands. For a smooth manifold M , a graded manifold
with body M is a locally ringed space (M ,OM ), whose lo-
cal model is
(U ,C∞(U )⊗S(V ∗)) , U ⊂M , (1)
whereV is a graded vector space andU is an open subset
of M identified with an open subset of Rn if M has di-
mension n. A graded vector field of degree k on a graded
manifold M is a graded derivation of degree k, i.e.
X :C∞• (M )→C∞•+k (M ) ,
X ( f g )= X ( f )g + (−1)k | f | f X (g ) . (2)
We will call a degree-1 derivation Q on C∞(M ) a homo-
logical vector field if its graded commutator vanishes. A
graded manifold with a homological vector field is also
referred to as differential graded (dg) manifold or NQ-
manifold if all generators of C∞(M ) have non-negative
degree. Of particular interest for us are symplectic dg
manifolds, i.e. dgmanifolds carrying a 2-form2, homoge-
neous of a certain degree (we separate form degree and
the degree of the coordinates), closed with respect to the
de Rham differential on the graded manifold and non-
degenerate. Many notions of ordinary symplectic geom-
etry can be carried over to the graded setting by taking
care of the grading and the local model (1). In particu-
lar we have graded hamiltonian vector fields and Poisson
brackets. An important class of symplectic dg manifolds
are the degree-k Vinogradov algebroids on a manifoldM:
Vk (M ) :=T ∗[k]T [1]M , (3)
1 To avoid problems with tensor products we assume that the
sum over all the dimensions of Vi is finite.
2 For a treatment of differential forms on graded manifolds we
again refer to [43].
where by [k] we associate a degree k to the respective fi-
bres. This cotangent bundle is equippedwith a canonical
symplectic formof degree k. On a local patch, we have co-
ordinates (x i ,ξi ,ζi ,pi ) of degrees (0,1,k−1,k) such that
the canonical degree-k symplectic form reads
ωVk = dx i ∧dpi +dξi ∧dζi . (4)
Locally, we have the homological vector field {QVk , ·},
where the homological function is QVk = ξipi . It trivially
has {QVk ,QVk }= 0, but one can see in general that if a ho-
mological vector field is hamiltonian, then the Poisson
square of its homological function vanishes.
We remark that degree-(k-1) functions on Vk (M ) cor-
respond to sections of generalized versions of the tan-
gent bundle of amanifoldM . One can see this by looking
at the local model or by writing down the most general
element of degree (k−1), which is
X = X i (x)ζi+Xi1···ik−1(x)ξi1 · · ·ξik−1 ,
∼ Γ(TM ⊕∧k−1T ∗M ) . (5)
This hints already towards applications in supergravity.
Sections in the latter bundles are the objects of gener-
alized geometry in case k = 2 and for SL(5)-exceptional
field theory in case k = 3. The case k = 2 turns out to
be equivalent to Courant algebroids, as was shown by
Roytenberg [38] an will be themain interest in the follow-
ing sections:
V2(M ) and Courant algebroids on M
Isomorphism classes of degree-2 symplectic
dg manifolds are in one-to-one correspon-
dence with isomorphism classes of Courant al-
gebroids.
In particular, let (E , [·, ·]E ,ρ,〈·, ·〉) be a Courant alge-
broid over a manifold M with Dorfman bracket [·, ·]E , bi-
linear 〈·, ·〉 and anchor ρ : E → TM . Then ifU ⊂M is an
open subset, E |U ≃ TU ⊕T ∗U and sections in E can be
identified with degree-1 functions X = X i (x)ζi +Xi (x)ξi
on V2(U ). Given a degree-2 NQ-manifold, using the ho-
mological function QV2 , one constructs the data for a
Courant algebroid as follows. For smooth functions f
on M , the action of a section ρ(X )( f ) is obtained by
{{QV2 ,X }, f }. TheDorfmanbracket of two sections X ,Y is
{{QV2 ,X },Y }, i.e. they are derived brackets using the Pois-
son bracket on C∞(M ) related to (4). Finally, the bilin-
ear 〈·, ·〉 is the Poisson bracket itself, restricted to degree-1
functions. One can now show all the axioms of a Courant
algebroid. For the converse we refer to the original [38].
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3 Pre-NQ manifolds and Double Field
Theory
3.1 A glance at DFT
To illustrate some key properties of closed strings which
generated the constructionofDouble FieldTheory (DFT),
we consider a simple toy example of a closed string sigma
model. Let (M ,G) be a compact Riemannianmanifold of
dimension d with a two-form B ∈Ω2(M ). We take maps
φ : Σ→ M for the two dimensional domain Σ = R× S1.
Then the bosonic closed string sigma model action with-
out dilaton is given by
S =
∫
Σ
dφi ∧⋆Σdφ j φ∗Gi j +φ∗B , (6)
where d is the differential on Σ and φ∗ denotes the pull-
back by φ. Taking for the following G and B to be con-
stant on a d-dimensional torus M = T d we can deter-
mine the canonical momenta and hamiltonian density
for this model3. Denoting by (τ,σ) the coordinates on
R×S1 and assume the torus periodicity φi ∼φi +2pi, we
have
Pi =
1
2pi
(
Gi j∂τφ
j +Bi j∂σφ j
)
. (7)
The hamiltonian density corresponding to (6) can be
written in a suggestive form:
h= 1
4pi
(
∂σφ,2piP
)
H (G,B)
(
∂σφ
2piP
)
, (8)
where H is the generalized metric
H =
(
1 B
0 1
)(
G 0
0 G−1
)(
1 B
0 1
)t
. (9)
Furthermore, periodic right- and left-moving solutions
to the Euler-Lagrange equations to the sigma model (6)
are given by the expansion
φkR =φk0R +αk0 (τ−σ)+ i
∑
n 6=0
1
n
αkn e
in(τ−σ) ,
φkL =φk0L + α¯k0 (τ+σ)+ i
∑
n 6=0
1
n
α¯kn e
in(τ+σ) . (10)
3 For the general case we refer to the original [25] and the re-
view [44].
The zero modes φk0L/R expressed in terms of momentum
of the center of mass of the string pi and an additional
quantity w i =
∫2pi
0 ∂σφ
idσ are:
αi0 =
1p
2
G i j
(
p j − (G j k +B j k )wk
)
,
α¯i0 =
1p
2
G i j
(
p j + (G j k −B j k )wk
)
.
(11)
The appearance of wk on a similar footing as the center
ofmassmomentum is themotivation to treat them as ad-
ditional momenta. They are referred to as winding mo-
menta as they are related to the winding number, e.g. of
a curve parameterized by e2pii X (σ) in the plane example.
The appearance of wk is a consequence of the solution
(10) of the equations of motion to the sigma model (6)
with closed string boundary conditions. The idea to as-
sociate to winding momenta an additional set of coordi-
nates x˜ in analogy to the configuration space coordinates
x i associated to the center of mass momentum pi . This
leads to an extension of configuration space by the wind-
ing part. In the case of closed strings on toroidal back-
grounds where there are asmany winding coordinates as
position coordinates there is a doubling, hence the name
DFT. Double fields are real or complex functions and sec-
tions in appropriate bundles depending on both sets of
coordinates, i.e. locally on a direct product spaceM × M˜ .
Closed string theory finally provides a condition how
to reduce such doubled objects to standard objects (i.e.
functions, sectionswhose domain of definition lies inM ).
Its source is the level matching condition of closed string
theory and translates into the section condition of DFT
after imposing that a product of fields satisfies the condi-
tion as soon its factors satisfy it:
∂iψ1(x, x˜) ∂˜
iψ2(x, x˜)+ ∂˜iψ1(x, x˜)∂iψ2(x, x˜)= 0 . (12)
Here ψi denote “any kind of field” appearing in the the-
ory and ∂˜i is the partial derivative with respect to the
winding coordinates. One aim of the later sections is to
understand this condition better as it is e.g. not clear how
it is meant on vector fields or tensors like the metric.
A great success of DFT is to provide an action prin-
ciple for the field H (G,B), appearing already in (9), but
now promoted to depend on the doubled coordinate set
onM × M˜ . The action reduces correctly to the NSNS sec-
tor of standard type IIA supergravity by dropping the
winding coordinates (the easiest solution of the section
condition) and thus provides an interesting generaliza-
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tion. It is given by
S(H )=
∫
M×M˜
dx dx˜ e−2D
(1
8
H
MN∂MH
KL∂NHKL
− 1
2
H
MN∂NH
KL∂LHMK +2∂MD∂NH MN
+4H MN ∂MD∂ND
)
. (13)
The notation here is as follows: Objects with capital in-
dices are defined to transform in the fundamental repre-
sentation ofO(d ,d) (d is the dimension ofM ), thematrix
group leaving the corresponding bilinear form η invari-
ant:
A ∈Mat(2d ,R) , AtηA = η , η=
(
0 1
1 0
)
(14)
Double functions are defined to be O(d ,d) invariant
functions onM × M˜ , an example beingD in (13). Double
vectors are objects X M (x, x˜) = (X i (x, x˜),Xi (x, x˜)) and
the double metric H is a symmetric two-tensor under
O(d ,d) depending on G(x, x˜) and B(x, x˜) in the form (9).
Capital indices are raised and lowered with η, e.g. ∂M =
ηMN∂N .
In addition to its manifest O(d ,d ,R)-invariance, the
action (13) has a local gauge symmetry parameterized by
doubled vectors. The gauge transformations have a sug-
gestive form which is the motivation to locally introduce
a double version of the Lie bracketLX . Its action on dou-
ble functionsψ and vectorsY is
LX ψ=X M∂Mψ ,
(LX Y )
M =X K ∂KY M −
(
∂KX
M −∂MXK
)
Y
K , (15)
and extended to tensor products by the Leibniz rule. The
commutator of such gauge transformations closes and
defines the C-bracket of two double vectors:
[LX ,LY ]= L[X ,Y ]C , (16)
where the component form of the C-bracket is
[X ,Y ]MC = X K∂KY M −Y K ∂KX M
+ 1
2
(
YK ∂
M
X
K −XK ∂MY K
)
. (17)
The C-bracket has properties remarkably similar to the
Courant bracket in generalized geometry and indeed re-
duces to it by solving the strong constraint (e.g. in the
form of ∂˜i = 0). However it cannot be simply the Courant
bracket on the cartesian product M × M˜ as already sec-
tions in the generalized tangent bundle onM × M˜ would
have too many components. It as well cannot be a
bracket on some Dirac structure of a Courant algebroid
onM × M˜ as this would be a Lie algebroid and therefore
its bracket would satisfy the Jacobi identity which is not
the case for (17). In the next section, our main aim is to
find out what an appropriate viewpoint on the C-bracket
can be and clarify its close resemblance to Courant alge-
broid structures.
3.2 Local aspects of the gauge algebra of DFT in
NQ-language
The idea is to apply a derived bracket construction simi-
lar to Roytenberg’s for Courant algebroids in order to un-
derstand the objects of DFT and in particular the bracket
(17). Locally, we model the doubling of d-dimensional
configuration space M by taking the direct product of
two copies K := Mx × M˜x˜ . The naive idea to write down
the degree-2 symplectic dg manifold corresponding to
the standard Courant algebroid over K gives too many
vectors, i.e. degree-1 functions: for xM = (xµ, x˜µ)4, we get
C
∞(V2(K )) ∋ X = XM (x, x˜)ζM +XM (x, x˜)ξM , (18)
where e.g. ζM = (ζµ,ζµ) and ζµ correspond to the tan-
gent vectors along the x˜µ directions. Taking V2(K ) with
its canonical symplectic structure
ωV2(K ) =dxM ∧dpM +dξM ∧dζM , (19)
we reduce the number of degree-one generators by first
defining
θM± =
1
2
(
ξM ±ηMN ζN
)
, (20)
and taking the quotient of C∞(V2(K )) by the ideal gen-
erated by the θM− . We use the O(d ,d)-invariant η, which
arises naturally in the Poisson brackets of the ξM ,ζM
5.
Hence we arrive at a symplectic graded manifold EK
whose algebra of functions is generated by (xM ,θM ,pM )
of degree (0,1,2), with symplectic structure6
ωEK =dxM ∧dpM + 12η
MN dθM ∧dθN . (21)
4 A motivation for the index structure is the case K = T ∗M for
phase space models, see e.g. [45,40]
5 Note, that due to the degree of ξM and ζM and the degree-2
symplectic form (19), the Poisson brackets are symmetric, so
we get O(d ,d) rather than Sp(2d).
6 We raise and lower capital indices with η, e.g. θM = ηMNθN .
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The homological function on V2(K ) reduces to a degree-3
function QEK on EK whose square is not zero any more,
but whose hamiltonian vector field preserves the sym-
plectic structure (21)
QEK = θMpM , {QEK ,QEK }= ηMN pMpN . (22)
In general, we want to call a symplectic graded mani-
fold (of degree k) with a function of degree (k+1) whose
hamiltonian vector field preserves the symplectic struc-
ture a pre-NQ manifold. So EK is a degree-2 pre-NQ
manifold. In degree two, such manifolds have the pos-
sibility to find subalgebras of their algebras of functions
which allow two-term L∞-structures. We refer the reader
to [46–49] and the references listed there for an introduc-
tion and history of L∞ structures. Let M be a pre-NQ
manifold of degree 2 with pre-homological function Q.
On C∞1 (M )⊕C∞0 (M ) we define the maps
µ1 : C
∞
0 (M )→C∞1 (M ) ,
µ2 : C
∞
i (M )×C∞j (M )→C∞i+ j−1(M ) i + j > 0 ,
µ3 : C
∞
i (M )×C∞1 (M )×C∞1 (M )→C∞0 (M ) i = 0,1 .
(23)
With δ f := {Q, f } for f ∈ C∞1 (M ) and zero otherwise,
they are
µ1( f )= {Q, f } ,
µ2( f ,g )= 12
(
{δ f ,g }± {δg , f }
)
,
µ3( f ,g ,h)= − 112
({
{δ f ,g },h
}
± . . .
)
, (24)
where the dots denote a sum over graded permutations
of { f ,g ,h}. Having defined these maps, it is now possible
to find conditionswhen a subalgebra ofC∞(M ), concen-
trated in degrees 0,1 forms a 2-term L∞ algebra. We use
Q2 for {Q, {Q, ·}}.
Consider a subset ofC∞1 (M )⊕C∞0 (M ), such
that the Poisson brackets and the maps µi close
on this subset. Then the latter is a 2-term L∞-
algebra if and only if
{Q2 f ,g }+ {Q2g , f }=0,
{Q2X , f }+ {Q2 f ,X }=0,
{{Q2X ,Y },Z }[X ,Y ,Z ] =0, (25)
for functions f ,g of degree 0 and X ,Y ,Z of de-
gree 1. The subscript [X ,Y ,Z ] means the alter-
nating sum over X ,Y ,Z .
We will now apply this to our local description of DFT.
Using the Poisson brackets associated to (21) and the pre-
homological function (22) we first notice the result for
the maps µi . For a degree-0 function f , degree-1 func-
tions X =X M (x, x˜)θM , Y =Y M (x, x˜)θM we get
µ1( f )=θM∂M f ,
µ2(X ,Y )= 12 [X ,Y ]MC θM ,
µ3(X ,Y ,Z )=X MZ N∂MYN −Y MZ N∂MXN
+cycl.
X Y Z
. (26)
Thus, µ1 gives the analogue of the de Rham differential
on the doubled space, µ2 the C-bracket (17) and the ex-
pression for µ3 gives the failure of the C-bracket’s Jacobi-
ator to vanish. Furthermore, we can evaluate the condi-
tions (25) whose solution gives subalgebras with 2-term
L∞ structures, i.e. Courant algebroids. Denoting by Q2EK
the action of {QEK , {QEK , ·}}, on degree-0 functions f and
degree-1 functions X ,Y ,Z as above we get:
{Q2
EK
f ,g }+ {Q2
EK
g , f }= 2∂M f ∂M g ,
{Q2
EK
X , f }+ {Q2
EK
f ,X }= 2∂MX ∂M f ,
{{Q2X ,Y },Z }[X ,Y ,Z ] =
2θL
(
(∂MXL)(∂MY
K )ZK
)
[X ,Y ,Z ]
. (27)
We see that the first two expressions correspond to the
section condition of DFT on two functions and on a func-
tion and a vector. The third expression turns out to be
important in the investigation of Riemann curvature op-
erators in the setting of degree-2 pre-NQ manifolds, we
refer to [40] for details.
To sum up, we locally constructed a setting which al-
lows to identify the C-bracket of DFT as a derivedbracket
in a similar way as Roytenberg identified the Courant
bracket as a derived bracket. DFT’s section condition
can be algebraically interpreted as the obstructions for
a subalgebra of functions concentrated in degree 1 and
2 of a pre-NQ manifold to form a 2-term L∞-algebra.
This allows for some algebraic insight into the structures
relevant for DFT. Of course there is much more to do.
The action principle of DFT uses integration on dou-
bled configuration spaces and a Ricci-scalar for a gener-
alized tangent bundle which we identified as a pre-NQ-
manifold. Understanding Riemannian geometry for pre-
NQ-manifolds and thereforeDFT dynamics is a next goal
and first steps have been performed in [40]. Rather than
going into this, in the next sections we will show that
apart from the local considerations so far, global and
therefore more geometric statements can be obtained,
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at least for simple examples relevant for physics (and in
principle in general). Instead of considering a simple di-
rect productM×M˜ wewill use fibred products over some
base manifolds, which are referred to as correspondence
spaces. It turns out that our construction of DFT objects
is also possible there giving some first insights into global
structures in DFT and into the geometry of pre-NQman-
ifolds.
4 3-dimensional nilmanifolds and
correspondence spaces
We now specialize to an explicit class of examples, the
case of 3-dimensional Heisenberg nilmanifolds [50],
equipped with an H-flux or abelian gerbe. These are cir-
cle bundles over the 2-torus and the H-flux twists the
Courant algebroid on their generalized tangent space.
The geometry, as well as T-duality of circle bundles, is
very well-understood [14, 15] which has the advantage
that we have a clear and explicit starting point. The idea
is to reformulate the well-known results for this case in
our language in order to identify the objects relevant for
duality. This will be the starting point to explore more
complicated examples of doubled spaces in our language
in future work.
4.1 Lightning review of the setting
Consider a 3-dimensional nilmanifold in the form of an
S1-bundle over the 2-torus. The bundle structure can be
described eitherwith local transition functions or period-
icity conditions as this type of geometry arises as a quo-
tient of R3. We prefer the latter as it is convenient for
moving from the local description of the previous section
to a more global viewpoint. The equivalence relation im-
posed on flat space is
(x1,x2,x3)∼ (x1,x2+1,x3)∼ (x1,x2,x3+1)
∼ (x1+1,x2,x3− j x2) . (28)
This gives an S1-bundle pi j : N j → T 2 with base coor-
dinates x1,x2. A basis of globally defined one-forms is
{dx1,dx2,dx3 + j x1dx2} and the third defines a connec-
tion A = dx3 + j x1dx2 on the bundle with first Chern
class c1(N j ) = dA = jdx1∧dx2. Finally we introduce an
abelian gerbe on N j by giving a two-form B ∈Ω2(N j ) sat-
isfying
B |Ub = B |Ua + dα|Ua∩Ub on Ua ∩Ub , (29)
for open subsets Ua ,Ub ⊂ N j and α ∈ Ω1(Ua ∩Ub).
Choose B = k x1dx2 ∧dx3, then the only non-trivial re-
lation (29) is for the x1-periodicity and reads
B |x1+1−B |x1 = k dx2∧dx3 = dα , α= kx2dx3 . (30)
In total, the geometric setup is determined by two in-
tegers, the integral over the first Chern class of the S1-
bundle and the integral over the globally defined H-flux
H = dB , representing the Dixmier Douady class of the
gerbe:
j =
∫
T 2
c1(N j ) , k =
∫
N j
H . (31)
We call this setup therefore N j ,k .
4.2 Review of T-duality for circle bundles
Following [14, 15], T-duality for circle bundles is defined
in general by the following construction. Let P
pi→ M
and P˜
p˜i→ M be two S1-bundles over the common con-
nected and compact base M . Assume that H and H˜ are
closed, integral 3-forms on P and P˜ , such that they are
mapped to closed, integral two-forms on the base after
integration along the respective S1-fibres. Let G and G˜
denote the corresponding abelian gerbes whose Dixmier
Douady classes are represented by H and H˜ . To define
T-duality, consider the correspondence space which is
P ×M P˜ , the fibred product of P and P˜ over the base, i.e.
the following commutative diagram:
P ×M P˜
pr
||②②
②②
②②
②②
② p˜r
""❊
❊❊
❊❊
❊❊
❊❊
G // P
pi
""❋
❋❋
❋❋
❋❋
❋❋
P˜
p˜i||①①
①①
①①
①①
①
G˜oo
M
(32)
In this situation, the circle bundle P˜ can be chosen such
that its first Chern class is given by the flux H integrated
along the S1 fibre. Due to the classification of circle bun-
dles by their first Chern class, this is possible in a unique
way. Using a Gysin sequence argument, [14] show that an
H˜-flux can be chosen in such a way that
p˜r
∗H˜ −pr∗H = d(pr∗A∧ p˜r∗ A˜)=: dF , (33)
where A˜ denotes the connection on the bundle P˜ . Con-
dition (33) is sometimes used as a definition for two cir-
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cle (or more general torus-) bundles P and P˜ to be T-
dual [1]. It means that T-dual circle bundles have coho-
mologous H-fluxes on the correspondence space. An ex-
ample are pairs of nilmanifolds N j ,k and Nk , j with inte-
gers of first Chern class and Dixmier Douady class inter-
changed. Denoting by p˜r∗ : P ×M P˜ → P˜ the fibre integra-
tion along the S1 fibre of P , [14] define the T-duality map
to be the homomorphism p˜r∗◦eF∧◦pr∗. It allows tomap
closed forms on P with respect to the H-twisted differ-
ential d+H∧ to closed forms on P˜ with respect to the
H˜-twisted differential and descends to an isomorphism
on the corresponding twisted cohomologies. The aim of
the next section is to understand these results in terms of
the NQ-language.
5 T-duality of nilmanifolds in the pre-NQ
language
The local results of section 3 can be patched together by
correctly taking into account the non-trivial gerbe struc-
tures of the nilmanifolds N j ,k and Nk , j . It is most con-
venient to use the description of these objects in terms
of the twisted periodicity conditions (28). The nontrivial
gerbes affect the periodicity of the degree-1 coordinates
and hence both the bundle- and gerbe- contributions af-
fect the periodicity of the degree-2 momenta.
5.1 Gerbes on nilmanifolds and periodicity
Taking N j ,k with periodicity (28), we introduce coordi-
nates on C j ,k = T ∗[2]T [1]N j ,k as follows. First, consider
the case k = 0. Degree-1 coordinates correspond to the
global basis of one-forms and their linear duals:
ξ¯1 ∼dx1 , ξ¯2 ∼dx2 , ξ¯3 ∼ dx3+ j x1dx2 ,
ζ¯1 ∼ ∂x1 ζ¯2 ∼ ∂x2 − j x1∂x3 ζ¯3 ∼ ∂x3 .
(34)
The bar is used to distinguish fromanother set of local co-
ordinates to be introduced soon which also takes into ac-
count the gerbe structure. The coordinates (34) have the
advantage that they are global as they come fromglobally
defined objects. The degree-2momenta are the standard
ones associated to the x i by taking the cotangent T ∗[2].
Their periodicity is inferred from the periodicity proper-
ties of local coordinates on T [1]N j ,k and were given e.g.
in [38]: For a coordinate change x i
′ = x i ′(x i ) on a man-
ifold M and corresponding change ea′ = T aa′(x i )ea of a
local basis of sections in TM , the momenta transform as
pi =
∂x i
′
(x)
∂x i
pi ′ +
1
2
ξa
′ ∂T
a
a′ (x)
∂x i
gabT
b
b′(x)ξ
b′ , (35)
where gab is inferred from the isomorphism relating the
chosen basis of one-forms to the corresponding basis on
TM . In our example, due to the ξ¯i and ζ¯i being global,
the periodicity of the momenta is a consequence of (28)
and reads
(p¯1, p¯2, p¯3)|x1+1 = (p¯1, p¯2+ j p¯3, p¯3) , (36)
so that in total we have the following periodicity for local
coordinates on C j ,k
(x1,x2,x3, ξ¯1, ξ¯2, ξ¯3, ζ¯1, ζ¯2, ζ¯3, p¯1, p¯2, p¯3)
∼(x1+1,x2,x3− j x2, ξ¯1, ξ¯2, ξ¯3, ζ¯1, ζ¯2ζ¯3, p¯1, p¯2+ j p¯3, p¯3) .
(37)
To complete the data for C j ,k , the symplectic form and
homological function are given by
ω=dx i ∧dp¯i +dξ¯i ∧dζ¯i
Q0 =ξ¯i p¯i − j x1ξ¯2p¯3 . (38)
The second part of the homological function can be
understood by the contribution of the non-trivial an-
chor map relating the ζ¯-basis to the standard basis of
sections on the tangent bundle. Phrased differently, it
contains the structure constants of the non-trivial Lie
bracket. Both, ω and Q0 are invariant under periodicity
and hence are well-defined and global on C j ,k .
Next, we include the non-trivial gerbe structure, i.e.
the case k 6= 0 in our example. For a manifold M with
open cover ⊔aUa։M , a connective structure is given by
a collection of one-forms α(ab) on intersectionsUa ∩Ub
such that α(ab) =−α(ba) and with the condition
α(ab)+α(bc)+α(ca) = g−1(abc)dg(abc) , (39)
where g(abc) form a 2-cocycle g representing an element
in H2(M ,U (1)) with
(δg )(abcd) = g(bcd)g−1(acd)g(abd)g−1(abc) = 1 , (40)
where δ is the corresponding coboundary map7. A gen-
eralized tangent bundle twisted by a gerbe is then deter-
mined by a collection of sections of the generalized tan-
gent bundle {X(a) + γ(a) ∈ Γ(TUa ⊕T ∗Ua)} such that on
intersectionsUa ∩Ub
X(a)+γ(a) = X(b)+γ(b)+ ιX(b)dα(ab) . (41)
7 Thus, dα(ab)+dα(bc)+dα(ca) = 0 , on Ua ∩Ub ∩Uc
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Denoting the curving B ∈Ω2(M )⊗U (1), such that B(a)−
B(b) =dα(ab), it is easy to see that one can define sections
in the generalized tangent bundle invariant under (41) by
eB (X +γ) := X +γ+ ιXB .
Specifying to our example, in the case of nonvan-
ishing k, the coordinates ξ¯i , ζ¯i are not invariant any
more due to (41). Hence we take their invariant versions,
(ξ,ζ) := e{·,B }(ξ¯, ζ¯). This means that we change to the fol-
lowing set of coordinates, taking the x i as usual
ξi = ξ¯i , ζ1 = ζ¯1 , ζ2 = ζ¯2−kx1 ξ¯3 ζ3 = ζ¯3+kx1 ξ¯2 .
(42)
Due to (35), this change also leads to a change in the mo-
menta:
p1 = p¯1−kξ¯2ξ¯3 , p2 = p¯2 , p3 = p¯3 . (43)
As one can check, this coordinate change is a symplecto-
morphism. The symplectic form ω does not change. The
homological function receives a contribution due to the
H-flux as expected. Furthermore the periodicity of the
variables stays the same as the base coordinates did not
change and the new (ξ,ζ) are invariant. We summarize
our description in the following.
The Courant algebroid C j ,k
Periodicity:
(x1,x2,x3,ξi ,ζi ,p1,p2,p3)
∼(x1+1,x2,x3− j x2,ξi ,ζi ,p1,p2+ j p3,p3) .
(44)
Symplectic form:
ω= dx i ∧dpi +dξi ∧dζi . (45)
Homological function:
Q = ξipi − j x1ξ2p3+kξ1ξ1ξ3 . (46)
We remark thatω andQ are invariant under periodic-
ity and hence well-defined and global. The k-dependent
term in the homological function gives the H-twisted
Courant bracket after the derived bracket construction.
5.2 The correspondence space as pre-NQ manifold
Wedescribe the correspondence space K :=N j ,k×T 2Nk , j
in terms of periodicity conditions. The base components
are the same as for the base in (44). As K is at the same
time a circle bundle over N j ,k with first Chern number k
and a circle bundle over Nk , j with first Chern number j ,
we use the following periodicity:
(x1,x2,x3,x4)∼ (x1,x2+1,x3,x4)∼ (x1,x2,x3+1,x4)
∼(x1,x2,x3,x4+1)∼ (x1+1,x2,x3− j x2,x4−kx2) . (47)
Next we follow the program outlined in section 3. First
we write down the Courant algebroid structure on K us-
ing T ∗[2]T [1]K , twisted by the 3-form pr∗H + p˜r∗H˜ . We
then reduce the number of degree-1 variables of the S1-
fibre coordinates8 to the subset constructed in section
3. This gives the pre-NQ manifold relevant for the dou-
ble field description of N j ,k . The Courant algebroid CK
on K is given in a similar way as in the previous section
for N j ,k , so we only give the result: The periodicity of the
degree-1 and degree-2 coordinates is
(x1,ξ1,ξ2,ξ3,ξ4,ζ1,ζ2,ζ3,ζ4,p1,p2,p3,p4)
∼(x1+1,ξ1,ξ2,ξ3,ξ4,ζ1,ζ2,ζ3,ζ4,
p1,p2+ j p3+kp4,p3,p4) . (48)
The symplectic structure is in Darboux form, we use in-
dices µ,ν ∈ {1, . . . ,4} on the correspondence space K:
ωCK = dxµ∧dpµ+dξµ∧dζµ , (49)
and the homological function contains the structure con-
stants encoding the two circle bundles as well as the
twists by the gerbe structures:
QCK = ξµpµ− j x1ξ2p3−kx1ξ2p4
+k ξ1ξ2ξ3+ j ξ1ξ2ξ4 . (50)
The homological function is symmetric under the ex-
change of ( j ,k) and (x3,x4) respectively, due to the con-
struction ofK fromnilmanifoldswith exchanged integral
numbers of first Chern class and Dixmier Douady class.
Next, we construct the pre-NQmanifoldEK with body
K allowing to state features of Double Field Theory for
our example in a global way. For this we define
θ3± :=
1
2
(
ξ3±ζ4
)
, θ4± :=
(
ξ4±ζ3
)
, (51)
8 These are the ones to be compared with section 3, as they
appear as “doubled” in the correspondence space. Phrased
differently, the S1 fibre of N j ,k gets doubled by adding the S
1-
fibre of Nk, j .
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and drop the coordinates θi−, i ∈ {3,4}. Phrased differ-
ently the algebra C∞(EK ) is obtained by C∞(CK )/I
where I is the ideal generated by θ3− and θ
4
−. The re-
sulting EK is a symplectic graded manifold with degree-
0 part K . It’s symplectic structure is (49), reduced to
C
∞(EK ). The homological function (50) is reduced in a
similar way to a function QEK . Note that the latter does
not square to zero any more. Rather, its square provides
us with an algebraic form of the strong section condi-
tion which we will investigate later in the section. We
will therefore call this function “pre-homological”, also
because it will reduce to homological functions after pro-
jecting to the Courant algebroids on N j ,k and Nk , j . We
summarize:
The pre-NQ manifold EK
Periodicity:
(x1,ξ1,ξ2,ζ1,ζ2,θ
3
+,θ
4
+,p1,p2,p3,p4)
∼(x1+1,ξ1,ξ2,ζ1,ζ2,θ3+,θ4+,
p1,p2+ j p3+kp4,p3,p4) . (52)
Symplectic form:
ωEK = dxµ∧dpµ+dξ1∧dζ1+dξ2∧dζ2
+dθ3+∧dθ4+ . (53)
“Pre-homological” function:
QEK = ξ1p1+ξ2p2+θ3+p3+θ4+p4
− j x1ξ2p3−kx1ξ2p4
+k ξ1ξ2θ3++ j ξ1ξ2θ4+ . (54)
A few remarks are in order. First, EK is pre-NQ as
the hamiltonian vector field QEK = {QEK , ·} preserves
the symplectic form: LQEK ωEK = 0. Second, the Poisson
square ofQEK reduces to a simple form:
{QEK ,QEK }= 2p3p4 . (55)
This factorization will be important later on. It is the
source for finding solutions to the section condition
which allows in turn to find projections from EK to the
Courant algebroids on N j ,k and Nk , j . Of course these
were known frombefore, but as emphasized in the begin-
ning, this is to see how these projections can be found
and serves as a starting point to do a similar procedure
for cases where the projections are not known a priori.
Finally, the factorization in the simple form (55) is due
to the fact that ( j ,k) appear interchanged in N j ,k and
Nk , j . Up to this stage the construction can be performed
for any pair of nilmanifolds N j ,k and Nm,n . After deter-
mining the correspondence space and reducing to EK ,
the Poisson square of the pre-homological functions be-
comes
{QEK ,QEK }= 2(p3+ (k−m)ξ1ξ2)(p4+ (n− j )ξ1ξ2) . (56)
As the coordinates were chosen in a way that the pre-
homological functions are invariant under periodicity
and therefore global, the right hand side is well-defined
on the correspondence space.We leave a geometric inter-
pretation of the result for future work.
5.3 T-duality of circle bundles reformulated
The most direct way to solve the section condition is to
define projections from C∞(EK ) to subalgebras given by
the kernels of the derivationsD3 := {p3, ·} andD4 = {p4, ·}.
These determine L∞-algebras, as was shown in detail in
[42]. Geometrically they correspond to projections con-
stant along the fibre directions ∂x3 or ∂x4 . This is the
analogue of setting either position- or winding-degrees
of freedom to zero in Double Field Theory. Locally, we
also want the projections to be constant along the corre-
sponding conjugate momenta. We want to achieve this
globally in our example and there are two natural can-
didates of vector fields determining kernels of projec-
tions together with D3 and D4. Let A3 and A4 be the
one-forms on EK which are lifts of the connection forms
pr
∗A = dx3+ j x1dx2 and p˜r∗ A˜ = dx4+kx1dx2. Then we
define
V3 := A ♯3 , V4 := A
♯
4 , (57)
where ♯ is the map from T ∗EK to TEK induced by the
symplectic structure (53). To get a pair of solutions to the
section condition, the task is therefore to findprojections
pˆr1 from C
∞(EK ) to a subalgebra determined by the ker-
nel of the derivationsD3 and V3, and similar pˆr2 to a sub-
algebra determined by the kernel of the derivations D4
and V4. In our example it is easy to find two such pro-
jections, the generators of the subalgebras denoted by a
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tilde:
pˆr1(x
1,x2,x3,x4,ξ1,ξ2,ζ1,ζ2,θ
3
+,θ
4
+,p1,p2,p3,p4)
= (x˜1, x˜2, x˜3, ξ˜1, ξ˜2, ξ˜3, ζ˜1, ζ˜2, ζ˜3, p˜1, p˜2, p˜3)
= (x1,x2,x3,ξ1,ξ2,θ3+,ζ1,ζ2,θ4+,p1,p2−kx1p4,p3)
pˆr2(x
1,x2,x3,x4,ξ1,ξ2,ζ1,ζ2,θ
3
+,θ
4
+,p1,p2,p3,p4)
= (x˜1, x˜2, x˜3, ξ˜1, ξ˜2, ξ˜3, ζ˜1, ζ˜2, ζ˜3, p˜1, p˜2, p˜3)
= (x1,x2,x4,ξ1,ξ2,θ4+,ζ1,ζ2,θ3+,p1,p2− j x1p3,p4) .
(58)
Using the periodicity (52) together with (44) we identify
the image of the projections as the two Courant alge-
broidswe started from, confirming that the procedurewe
suggest gives the right results at least in the easy example
case. We have
pˆr1 :C
∞(EK )→C∞(C j ,k) ,
pˆr2 :C
∞(EK )→C∞(Ck , j ) .
(59)
Conversely, we also can embed C∞(C j ,k) and C∞(Ck , j )
intoC∞(EK ) such that the embeddingmaps are sections
of the corresponding projection maps, i.e. we find em-
beddings
ei :C
∞(C j ,k) ,→C∞(EK ) , C∞(Ck , j ) ,→C∞(EK ) , (60)
such that pˆri ◦ei = id. The explicit form of the embedding
maps in our example is as follows:
e1(x˜
1, x˜2, x˜3, ξ˜1, ξ˜2, ξ˜3, ζ˜1, ζ˜2, ζ˜3, p˜1, p˜2p˜3)
= (x1,x2,x3,x4,ξ1,ξ2,ζ1,ζ2,θ3+,θ4+,p1,p2,p3,p4)
= (x˜1, x˜2, x˜3,−kx˜1x˜2, ξ˜1, ξ˜2, ζ˜1, ζ˜2, ξ˜3, ζ˜3, p˜1, p˜2, p˜3,0)
e2(x˜
1, x˜2, x˜3, ξ˜1, ξ˜2, ξ˜3, ζ˜1, ζ˜2, ζ˜3, p˜1, p˜2p˜3)
= (x1,x2,x3,x4,ξ1,ξ2,ζ1,ζ2,θ3+,θ4+,p1,p2,p3,p4)
= (x1,x2,− j x˜1x˜2, x˜3, ξ˜1, ξ˜2, ζ˜1, ζ˜2, ζ˜3, ξ˜3, p˜1, p˜2,0, p˜3) .
(61)
The embeddings are well-defined as one readily checks
(52). Furthermore ei preserve the structure of the re-
spective pre-NQ manifolds. The symplectic structures
and homological functions of the Courant algebroids on
the nilmanifolds are pull-backs of the corresponding ob-
jects on EK . Note that the homological functions arise as
pullbacks of a pre-homological function as the Poisson
square of the latter lies in the kernel of the pullbacks.
Finally, we are able to reformulate T-duality between
the circle bundles N j ,k and Nk , j of diagram (32) in the
language of NQ-manifolds. We first have to lift (33) to the
NQ-language. First we split the pre-homological func-
tion (54) into an untwisted part Q0 and the flux contri-
butions:
QEK = Q0+kξ1ξ2θ3++ jξ1ξ2θ4+ . (62)
Q0 represents the ordinary de Rham differential on the
correspondence space. The condition (33) thus takes the
form
{Q0,F }= −kξ1ξ2θ3++ jξ1ξ2θ4+ . (63)
We note that the product of the lifted connections on the
two circle bundles −pr∗A ∧ p˜r∗ A˜ after projection to EK
takes the form F = −θ3+θ4+. We are now able to phrase
the statement of T-duality of circle bundles in the follow-
ing form:
T-duality of N j ,k and Nk , j
Let F = −θ3+θ4+ be the lift of the product of the
connection forms to EK . If {QEK ,F } = 0 on EK ,
then the homological functions are related by
QCk , j = e∗2 ◦ pˆr∗1 QC j ,k , (64)
with e2 of (61) and pˆr1 in (58).
To see this, we observe that {QEK ,F }= 0 is equivalent
to the duality condition (63), i.e. that pˆr∗1H = kξ1ξ2θ3+ and
pˆr
∗
2 H˜ = jξ1ξ2θ4+ represent cohomologous elements on K .
Evaluating it for F =−θ3+θ4+, we get
θ3+(p3+kξ1ξ2)= θ4+(p4+ jξ1ξ2) . (65)
Now the pullback ofQC j ,k can be transformed:
pˆr
∗
1 QC j ,k =ξ1p1+ξ2p2+θ3+p3−ξ2x1(kp4+ j p3)
+k ξ1ξ2θ3+
=ξ1p1+ξ2p2+θ4+p4−ξ2x1(kp4+ j p3)
+ j ξ1ξ2θ4+
= pˆr∗2QCk , j . (66)
Hence, (e∗2 ◦ pˆr∗1 )QC j ,k =QCk , j .
We see that in case of a T-dual pair, we can transport
the homological functions from the original Courant al-
gebroid to the dual one. We used the T-duality condition
(33) and the form of the homological function on the cor-
respondence space. The investigation of more compli-
cated examples in this language is the next step for future
work.
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Finally, we comment on how the H-flux transforms
under the map e∗2 ◦ pˆr∗1 . Using (58) and (61) we have
e∗2 ◦ pˆr∗1 H = e∗2 (k ξ1ξ2θ3+)= k ξ˜1ξ˜2ζ˜3 . (67)
The latter is an object with components f 312 and its value
k determines the non-closedness of the third basis one-
form on the nilmanifold Nk , j . This is what is sometimes
called f -flux, which we get from the H-flux on N j ,k by
applying the map e∗2 ◦ pˆr∗1 .
6 Open problems
After the interpretation of local quantities appearing in
DFT such as the section condition or the C-bracket, we
approached global aspects ofDFTon 2-step nilmanifolds
in the form of circle bundles over 2-tori. Obviously an
important next step is to consider more general k-torus
bundles with abelian gerbe structures, where T-duality
was studied e.g. in [17]. First, generalizations of the pro-
jections and embeddings (58) and (61) should be found.
In all cases, a more geometric interpretation of the pro-
jections in terms of symplectic graded reduction would
be desirable. Second, the map e∗2 ◦ pˆr∗1 appears to en-
code properties of T-duality. If it exists in the more gen-
eral cases, its effect on the 3-form flux representing the
Dixmier Douady class of the underlying gerbe has to be
studied. In the easy case of (67) it maps the H-flux into
the f -flux. It is to be expected that in case of its existence
it will havemore exotic types of fluxes such as the nonge-
ometricQ-flux in its image. A study of the coexistence of
several types of fluxes on nilmanifolds was done in [51].
In these more exotic cases which arise for less restrictive
isometry properties of the 3-form H , it is intriguing to
find the link from formulations on doubled spaces [20]
to the mathematical results of [16]. The use of noncom-
mutative or nonassociative algebras in the latter on the
one hand and ordinary geometry on doubled spaces on
the former (by howevermixing momentum and winding
coordinates) needs to be understoodmore precisely.
Another open question is to write down actions of the
form (13) using (pre-) NQ-manifolds. Differential forms
and integration on such types of manifolds is a highly
nontrivial subject which was not applied to DFT as far
as the author knows. Integration on supermanifolds was
studied with applications to supergravity actions in [52–
56]. Of course the role of supermanifolds there is to in-
corporate supersymmetry rather than Courant algebroid
structures, but the techniques are closely related. To ex-
tend our formalism to include supersymmetric versions
of gravity is an additional goal for the future. But already
in the pure bosonic case, a reproduction of (13) in a geo-
metric way (i.e. from a Riemann tensor defined on the
corresponing NQ manifold) would help to understand
more complicated examples of dynamics on extended
spacetimes as they arise e.g. in compactifications of M-
theory (exceptional field theories).
The case of compactification of eleven dimensional
supergravity on higher dimensional tori leads to general-
ized tangent bundles of the form
TM ⊕∧2T ∗M ⊕∧5T ∗M ⊕
(
T ∗M ⊗∧7T ∗M
)
, (68)
whose interpretation in terms of symplectic graded ge-
ometry is not known so far. First steps were achieved in
[57], but the general case is an open problem. Studying
derived brackets, algebraic conditions as (56) might give
a more systematic insight into dualities of such theories
(U-duality). Extensions of spacetimewhich parameterize
diffeomorphisms as well as gauge transformations of the
corresponding fluxes inM-theory (exceptional field theo-
ries [58–67]) in their generalized diffeomorphisms are an
interesting playground to generalize the constructions
reviewed in this article.
Finally, the derived bracket form of Courant- and C-
brackets by Poisson brackets on symplectic graded ma-
nifolds suggests that they arise as classical limits of some
quantized versions. As graded versions of theMoyal-Weyl
product exist, it is intriguing to ask about the proper-
ties of deformedCourant algebroids and C-bracket struc-
tures whose star-commutator has to its lowest order the
derived brackets which were described in this article. A
naive attempt to interpret such deformations as originat-
ing from higher derivative corrections of string theoretic
originwas given in [68,41]. Independent of a link to string
theory, it would be exciting to study deformations of de-
rived brackets in a systematic way.
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